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FLOW OF A R E L A X I N G  GAS AROUND A T H I N  CONE OF REVOLUTION 

Yu. V.  Khodyko 
(Presented  by Academician B. I .  Stepanov, Belorusskaya 

SSR Academy of Sc iences)  

ABS TRACT 

The problem of  s u p e r s o n i c  flow around t h i n  bodies  of  
r e v o l u t i o n  by a gas ,  i n  which chemical r e a c t i o n s  and re laxa-  
t i o n  of i n t e r n a l  degrees  of freedom t a k e  p l a c e ,  i s  reduced 
t o  t h e  i n t e g r a t i o n  of a s i n g l e  d i f f e r e n t i a l  equat ion .  It  
i s  assumed t h a t  t h e  l i n e a r i z e d  flow e q u a t i o n s  hold  and t h a t  
f u n c t i o n s  of s t a t e  e x i s t .  Using Laplace t ransformat ion  
methods, t h e  a u t h o r  d i s c u s s e s  flow c l o s e  t o  t h e  i n i t i a l  
f rozen  Mach l i n e ,  flow c l o s e  t o  t h e  s u r f a c e  o f  t h e  cone, 
and t h e  r e g i o n  f a r  removed from t h e  a x i s  and t h e  i n i t i a l  
f rozen  Mach l i n e .  

The problem of  s u p e r s o n i c  flow around t h i n  bodies  of  r e v o l u t i o n  by 
a g a s ,  i n  which chemical r e a c t i o n s  and r e l a x a t i o n  of i n t e r n a l  degrees  
of  freedom t a k e  p l a c e ,  can be  reduced t o  t h e  i n t e g r a t i o n  of t h e  e q u a t i o n  

I( ( i L g  Q~~ - ( l / r )  ( r G r l r l x  + A:@xx - - ( ~ / r )  (rfirIr -- 0, (1) 

as can be  shown (which i s  w r i t t e n  i n  a c y l - i n d r i c a l  coord ina te  system, 
t h e  x - a x i s  of  which co inc ides  w i t h  t h e  a x i s  of t h e  body of revolu-  
t i o n  and which i s  p a r a l l e l  t o  t h e  d i r e c t i o n  of t h e  undis turbed  s t r e a m  
(Figure  1 ) ) .  I n  t h i s  e q u a t i o n ,  K is t h e  parameter  which i s  propor t ion-  
a l  t o  t h e  l e n g t h  of r e l a x a t i o n  i n  t h e  undis turbed  s t r e a m  U m ~ m  ( t h e  
index  m d e s i g n a t e s  t h e  q u a n t i t y  r e f e r r i n g  t o  t h e  undis turbed  r e g i o n ) ;  
T i s  t h e  r e l a x a t i o n  t i m e ;  @ i s  t h e  p o t e n t i a l  of t h e  v e l o c i t y  of d i s -  
tu rbance ,  determined by t h e  r e l a t i o n s h i p  0 = u, @ = V ;  u and v are 
t h e  v e l o c i t y  components of t h e  d i s t u r b a n c e  along tfie x and r axes ;  

A = m-, Xe = m-, M and M are t h e  Mach numbers which 

are e q u a l  r e s p e c t i v e l y  t o  Um/a 
t i o n  of t h e  propagat ion  of weak d i s t u r b a n c e s  i n  a r e l a x i n g  medium two 
v e l o c i t i e s  of  sound arise:  f rozen  a and e q u i l i b r i u m  a (Ref. 1 ) .  

S ince  a 
v i d i n g  f o r  t h e  s u p e r s o n i c  n a t u r e  of t h e  flow w i l l  b e  M > 1. 

X 

f f e f e 
and U,/a . I n  g e n e r a l ,  i n  an examina- f E 

f e 

f 

i s  always g r e a t e r  t h a n  ae, M < Me, and t h e  c o n d i t i o n  pro- f f 



The cond i t ions  under which equa t ion  (1)  w i l l  ho ld  can be  reduced 
p r i m a r i l y  t o  two assumptions.  Under t h e  f i r s t  assumption, i t  is  
assumed t h a t  t h e  cond i t ions  f o r  t h e  l i n e a r i z a t i o n  of t h e  equa t ions  
d e s c r i b i n g  t h e  flow f i e l d  are f u l f i l l e d ,  i .e .  t h e  s t r eaml ined  body is  
assumed t o  be  t h i n .  Under t h e  second assumption, i t  i s  assumed t h a t  
the  non-equi l ibr ium s t a t e s  which arise a l low a thermodynamic desc r ip -  
t i o n ,  i .e.  a f u n c t i o n  of  s ta te  e x i s t s  - l e t  us c a l l  en tha lpy  h - 
which i s  a f u n c t i o n  n o t  on ly  of d e n s i t y  p and p r e s s u r e  P, b u t  a l s o  a 
func t ion  of t h e  parameter  q which c h a r a c t e r i z e s  t h e  d e v i a t i o n  from 
complete thermodynamic equ i l ib r ium.  For example, i n  conc re t e  cases  
i t  i s  p o s s i b l e  t o  l e t  t h e  o s c i l l a t i o n  o r  r o t a t i o n  tempera ture ,  degree  
of d i s s o c i a t i o n ,  etc.  b e  such a parameter .  

F igure  1 

Figure  Showing t h e  Flow of  a Relaxing 
Gas Around a Thin Cone of Revolut ion 
Under Zero Angle of At tack  (1 - I n i t i a l  
Frozen Mach Line;2 - I n i t i a l  Equ i l i -  
brium Mach L ine ) .  

Equat ions which are analogous t o  (1) w e r e  ob ta ined  and analyzed 
i n  t h e  works (Ref. 2 - Ref. 4 ) .  The c h a r a c t e r i s t i c s  of nonequi l ibr ium 
flow around t h i n ,  two-dimensional p r o f i l e s  were s t u d i e d  I n  d e t a i l  w i th  
t h e i r  he lp .  However, i n  p r a c t i c e ,  flow around three-dimensional  
bodies  is  a l s o  of g r e a t  i n t e r e s t ;  t h e  s i m p l e s t  example of t h i s  i s  a 
t h i n  cone of r e v o l u t i o n .  

Before w r i t i n g  out  t h e  corresponding boundary cond i t ions  f o r  
equa t ion  (1) i n  e x p l i c i t  form, l e t  us t ransform i t  - i n t roduc ing  
dimensionless  v a r i a b l e s  - accord ing  t o  t h e  r e l a t i o n s h i p s :  

The boundary cond i t ions  f o r  t h i s  equa t ion  are: 
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and 

E < O  

lim q (cpl - cpk) = E'€. 

0 f o r  

f o r  T-+ oc) ( N  = const) ' 

l + O  

(3 )  

( 4 )  

h e r e  E is t h e  tangent  of t h e  h a l f  angle  a t  t h e  apex of t h e  cone. 
Equation ( 4 )  arises from t h e  requi rement ,  which is  customary i n  t h e  

dR 
da: theory  of t h i n  bod ies ,  t h a t  

g e n e r a t r i x  of t h e  s t r eaml ined ,  axisymmetric body. 

I& rv = R- , where R ( x )  is  t h e  

W e  can s o l v e  equa t ion  ( 2 )  w i t h  t h e  a i d  of t h e  Laplace transforma- 
t i o n .  Des igna t ing  t h e  Laplacian form of t h e  func t ion  by the  s a m e  
symbol, b u t  w i th  a b a r  above, w e  o b t a i n  i n  image-space t h e  o rd ina ry  
d i f f e r e n t i a l  equat ion  of t h e  second o rde r  f o r :  f (f = f i p  ) :  

S e t t i n g  t h e  r i g h t  p a r t  of (5) equa l  t o  ze ro ,  w e  o b t a i n  t h e  equat ion  

a - I  

This change i s  j u s t i f i e d  i f  t h e  s o l u t i o n  of  equa t ion  (6) , s u b s t i t u t e d  
i n  t h e  r i g h t  p a r t  of (5 ) ,  makes i t  zero .  Below, w e  s h a l l  v e r i f y  t h e  
f a c t  t h a t  t h e  s o l u t i o n  which is  of i n t e r e s t  f o r  us a c t u a l l y  s a t i s f i e s  
t h i s  cond i t ion .  

Completing t h e  s u b s t i t u t i o n  7 = ePnz and t = p 00 10 
w e  change equa t ion  (6) t o  t h e  form 

(7) Zft - [ 1 - (2t)-Z] z = 0,  

t h e  gene ra l  s o l u t i o n  of which w i l l  b e  

2 = A ( P )  v F f o  (f) + B ( P )  V'FKo (0. ( 8 )  

Because of t h e  requirement  f o r  t h e  bosndedness of t h e  p o t e n t i a l  f o r  
11 * a, w e  must set A = 0. Then, f o r  cp w e  o b t a i n  

3 



where t h e  c o n s t a n t  B ( p )  must b e  determined w i t h  t h e  a i d  of t h e  
boundary c o n d i t i o n  ( 4 ) .  A s  a r e s u l t ,  w e  f i n d  t h a t  

- 
‘p (p,?) = - ( E ’ I P ~ )  ep? KO ( P  VJ).  (10) 

w i l l  be  a s o l u t i o n  f o r  t h e  problem i n  image space  which s a t i s f i e s  
t h e  boundary c o n d i t i o n s .  

Since i t  i s  r a t h e r  d i f f i c u l t  t o  i n v e r t  (0 d i r e c t l y  w i t h  t h e  a i d  
of  t h e  i n v e r s i o n  theorem, l e t  us s tudy  t h e  behavior  of t h e  s o l u t i o n  
i n  t h e  l i m j t i n g  cases p + 0 ,  p -f 

of (10) i s  g r e a t l y  s i m p l i f i e d .  
and 11 +- 0 ,  where t h e  r i g h t  p a r t  

1. Flow Close t o  t h e  I n i t i a l  Frozen Mach Line.  

According t o  t h e  t r a n s f o r m a t i o n ,  t h e  reg ion  5 << 1, which cor- 
responds t o  dimensionless  v a r i a b l e  d i s t a n c e s  which a r e  cons iderably  
smaller than t h e  l e n g t h  of r e l a x a t i o n  c l o s e  t o  t h e  i n i t i a l  f rozen  
Mach l i n e ,  envelops t h e  zone n e a r  t h e  f rozen  flow. From t h e  theory  
o f  Laplace t r a n s f o r m a t i o n ,  i t  i s  known (Ref. 5) t h a t  t h e  asymptot ic  
expansion of t h e  image f o r  p -+ corresponds t o  t h e  expansion o f  t h e  
o r i g i n a l  i n  a power series around 5 = 0.  
expansion f o r  K o ( p  110) f o r  l a r  e v a l u e s  of t h e  argument-and separa-  
t i n g  o and o-’ i n  series of  p-’,  w e  f i n d  t h a t  f o r  p + wcp ( p ,  q ) i t  i s  
p o s s i b l e  t o  r e p r e s e n t  t h e  fo l lowing  i n  t h e  form 

Therefore ,  u t i l i z i n g  t h e  

and t h e  p o t e n t i a l  i t s e l f  f o r  5 + 0 

The g e n e r a l  form of t h e  c o e f f i c i e n t s  A i s :  n 
n 

-n 

where e .  are t h e  c o n s t a n t s  depending on i. 
2 

F i r s t  of a l l ,  i t  fo l lows  from formula (12) t h a t  t h e  transforma- 
t i o n  from (5) t o  (6)  w a s  j u s t i f i e d ,  s i n c e  ~ ( 0 ,  TI) = ~ ‘ ( 0 ,  0) = 0. I n  5 

4 

.. . 



t h e  second p l a c e ,  t h e  p o t e n t i a l  i t s e l f  and i t s  d e r i v a t i v e s  - i . e . ,  
t h e  v e l o c i t i e s  of d i s t u r b a n c e  - d e c r e a s e  e x p o n e n t i a l l y  wi th  an in -  
crease i n  q.  Therefore ,  c l o s e  t o  t h e  apex of  t h e  cone along t h e  
f rozen  Mach l i n e ,  a d i s t u r b a n c e  i s  formed which decreases  r a p i d l y  wi th  d i s -  
t ance  from t h e  a x i s ,  j u s t  as i n  p l a n e  flow. The main i n c r e a s e  i n  
t h e  d i s t u r b a n c e  occurs  a long t h e  e q u i l i b r i u m  Mach l i n e ,  b u t  - i n  con- 
trast t o  t h e  e q u i l i b r i u m  flow - t h e  v e l o c i t i e s  of t h e  d i s t u r b a n c e  on 
t h i s  l i n e  w i l l  n o t  b e  e q u a l  t o  ze ro .  

2. F i e l d  of  Flow Close t o  t h e  Surface  of t h e  C-o& 

A p i c t u r e  of t h e  flow c l o s e  t o  t h e  a x i s  i s  of g r e a t  p r a c t i c a l  
i n t e r e s t ,  because t h e  v a l u e  f o r  t h e  v e l o c i t y  of t h e  d i s t u r b a n c e  on 
t h e  cone s u r f a c e  makes i t  p o s s i b l e  t o  f i n d  t h e  p r e s s u r e  c o e f f i c i e n t  
ep and, consequent ly ,  t o  c a l c u l a t e  t h e  r e s i s t a n c e  experienced by t h e  
bsdy. S ince  t h e  body be ing  examined i s  t h i n ,  w e  expand t h e  express ion  

i n  series f o r  q -+ 0 ,  and w e  l i m i t  o u r s e l v e s  t o  t h e  dominant t e r m s  
only.  W e  have: 

f o r  u (p , r l>  = - ( E 2 / p )  ePqKo ( p  n u >  and ( p , q >  = ( ~ ~ / p >  ePrl K1 ( p  r ~ a >  

where C i s  t h e  E u l e r  c o n s t a n t .  Transforming t h e s e  express ions  and 
changing t o  dimensional  v a r i a b l e s ,  w e  f i n d :  

Here F (E, a )  = (112) [ I n  a + E i (  - <) - E i (  - a c ) ] .  Thus, t h e  
p r e s s u r e  c o e f f i c i e n t  on t h e  s u r f a c e  of a t h i n  cone e q u a l s  

(16) 
1 cp = 2 ~ 2  1n(2/+) -- - - F ( . ~ / I < ,  a ) \  . ( 2 

Formula (16) d i f f e r s  from t h e  corresponding c l a s s i c a l  expres- 
s i o n  by t h e  presence of  an a d d i t i o n a l  t e r m  F ( x / K ,  a ) .  It can b e  
r e a d i l y  seen  t h a t ,  c l o s e  t o  t h e  apex of t h e  cone, f o r  x + 0 F ( x l K ,  
a )  + 0 ,  C a g r e e s  w i t h  t h e  c l a s s i c a l  v a l u e  c a l c u l a t e d  on t h e  b a s i s  

t o  t h e  c lass ica l  v a l u e ,  b u t  f o r  t h e  e q u i l i b r i u m  speed of Psound. 
This  means t h a t  t h e  e n t i r e  e f f e c t  of t h e  r e l a x a t i o n  p r o c e s s ,  which 
t akes  p l a c e  i n  t h e  medium, i s  concent ra ted  c l o s e  t o  t h e  apex of 
t h e  cone and a t  d i s t a n c e s  which cons iderably  exceed t h e  l e n g t h  of 
r e l a x a t i o n ,  and t h e  flow proves t o  b e  s t a b l e  ( s e e  F igure  2 ) .  

of f rozen  P v e l o c i t y  of  sound. For x -+ m F > (112) I n  a ,  C s t r i v e s  

5 



3. The Flow f o r  Large -g and- n. 

The r eg ion  5 + 00 corresponds i n  image space  t o  t h e  r eg ion  p -+ 0. 
However, w e  wish t o  s tudy  t h e  r eg ion  which is  n o t  only f a r  from t h e  
i n i t i a l  f rozen  Mach l i n e ,  b u t  a l s o  f a r  from t h e  a x i s .  Therefore ,  i t  
i s  imposs ib le  t o  r ega rd  t h e  product  p q  as s m a l l .  S ince  f o r  
p -+ 0 u + then  f o r  cp w e  have i n  t h i s  case 

This  expres s ion  can be  r ep resen ted  i n  t h e  form of a product  of two 
func t ions  of p which are Laplac ian  forms of known func t ions .  U t i -  
l i z i n g  the  convolu t ion  theorem, w e  f i n d  t h a t  

Ca lcu la t ing  t h e  i n t e g r a l  i n  (18 ) ,  w e  ob ta in  

cp(E, q) = - ~~I /a r l ( [  (-) E + F] 1 
Arch [ ( 1  + (L) - va 9 V G  

and, r e t u r n i n g  t o  t h e  dimensional  v a r i a b l e s ,  w e  f i n a l l y  arrive a t  
t h e  customary expres s ion  f o r  t h e  p o t e n t i a l  of c o n i c a l  flow 

In (20) t h e  Mach number i s  determined accord ing  t o  t h e  equ i l ib r ium 
v e l o c i t y  of sound. 

This  r e s u l t  i s  n o t  unexpected, s i n c e  t h e  r eg ion  x/K >> 1 and 
r / K  >> 1 is a reg ion  of equ i l ib r ium flow. 
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Figure  2 
Dependence o f  C on Dis tance  f o r  a Cone wi th  Half-  

P 
Angle a t  Apex E = 5O, Mi = 1 . 2  and a = 2:  

1 - K = m ; 2 - K = 1 0 ;  3 - K = 1 ; 4 - K = 0 . 1 ; 5 - K = 0  
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